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1 Power series

In the last lesson we talked about power series. We will finish this subject before moving on.
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In the specaial case of R = 1, z = €' and the function is an analytical Fourier series which is defined for
all natural n as opposed to the normal Fourier seires which is defined for all n € Z.
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Theorem 1 (Abel). Let R =1 and }_,~an converges then f (z) = >, sgan, 2 > 1[1 — 2| < C (1—z]).
Theorem 2 (Tauber). Ifnla,| = o(1) asn — oo and the limit limy41 f(z) exists, then ), <, an converges.
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2 Line integrals

'Tet f:1— Cand I = [a,b]

[ 1= [mr+i[or

Note 1. Obviously, both 2 f and S f are integrable.

Claim 1.
‘/If‘ < [1n

Proof. We will assume that [, f # 0 and we will define

i f]
it

cR
‘/If':A/If:ZTfZ/I%MﬁS/Ibe/Jﬂ

A:

Al =1

2.1 Length

v : I =la,b] — C is continuous and II = {tx = a < t; <ty = b} then
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Definition 1.
L(y) =sup L (")
If L (y) < oo then 7 is a rectifiable curve.
Theorem 3. If y is in C! then is is a rectifiable curve. L (v) = f[m

Proof. 1.
-1 = L(yw) > L ()

2. Additivity: ¢ € (a,b) = L(vy) =L (’Y|[a,c}> +L ('Y|[c,b})-
e Let II; be a partition of [a, c| and IIy is a partition of [c,b], IT = (111, II2)
L) <L(w)=L(m)+L(m)= L) =Ln)+Lw)
e II is a partitioin of [a, b] we will choose (IIy,Il3) such that IT = (IIy, II5)

=L (v) <L) +L () <L) +L(e)=L>")<L(n)+L(w)
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Also known as a conture integral or a curve integral



3. If v is an arc C! then L (v) < [, 4]
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Since it is additive, it is sufficient to prove this for an arc C*
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[(t) is differentiable and % :h | l(a)=0=1(t) = ft|f'y| = L(y)=1(b) = f;|’y|

oy:f(x),a§x§

7:]—>C,f60(7[a,b]) and is C*

Definition 2.

Lf@ﬂu:zfm@>www
L (c1fi +eafa) = 1 /7 fite L fz

n

[ =3
Y1+ +Yn i—1 Y7

J
—v(s)) ==y (b—s s<b—-a =—
(1) =7 (b-5)  0<s< [ i=-[s

Claim 2 (Newton-Leibniz). Let v : I — G where G is a domain and f € A(G), f' € C (G) Then

C1,C9 € C

/ f(2)dz = £ (1) - f (1))

Proof.

Corollary 1. If v is closed (v (b) = v(a)) then f7 f=0.



Example 2. 7 (t) = zo + pe'’ 4 (t) = pie®
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v :I=][a,b] = Ct(s) € C*
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Corollary 2. f, — f = fvf" - fﬂ,f
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/OO cos (tz) dt = /OO sin <t2> dt = 2‘\//2
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