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Theorem 1 (Inverse function). Let ¢ C C be a domain. f € A(G),f : G iLtf> G = f=f"1e
A(G), 9(w) = gy (f'(2) #0).
Proof. Next month = O

1 Series

Let {a,} CC, ), an.

Theorem 2 (Cauchy criterion).

m
Zan converges < Ye > 0.AN.Vm,n > N. Z ap| < e
n
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Definition 1 (Absolute convergence). A series {a,} is said to absolutely converge if ) |a,| converges.
Theorem 3. If a series absolutely converges, changing the order of summation doesnt change the sum.

If A=) a, B =) bb, absolutely converge, then ) a,by,, absolutely converges to AB

Example 1.
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1.1 Uniform convergence

Let x =) anz™ where z € E C C, a,C — R . We will assume that )" m, < com supgl|a,| < m,, then
* uniformly converges (and absolutely).

Example 2. > 2™ converges in |z| < const < 1.
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> 0 (m) converges when |2

compact K C {R(z) > 0}

‘ < 1 meaning that it converges uniformly and absolutley in every

Definition 2. A series > ;a,z" converges normally in the domain G if it convergews uniformly and
absolutely in every compact K C G.



2 Power series

A series around zg looks like > >° jan (2 — 20)", (an), = 0% C C,2p € C and (A) := ) ° ;a,2" we will
work WLOG with zp = 0.

Theorem 4 (Cauchy hadamard). The convergence radius is %limn_,oo\anll/ "

Theorem 5. 1. A series (A) converges in Ag := {|z| < R}.
2. A series converges in {|z| > R} = C\Ap
3. f(z) =30 pan2" f e A(AR)

f'(z) = Znanz”_l = Z(n + Daps12" := (A)
n=1 n=0

Corollary 1. 1. Ry =Ryt

2. All of the derivatives ™) are analytic in Ap and a, = f(T:!(O)

Proof. 1. Let ¢ < 1 we need to prove that (A) uniformly converges in {|z| < qR}. Let € < 0 be small
such that ¢ (1 +¢) < 1. Let z € C, |z| < ¢R

|anz"| <lan|¢"R" < ((1 +¢) Q)n

Where the second inequality comes from
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WLOG |z| > ¢R,q > 1. Then (1 — ) g > 1 for € which is small enough.

> (55) e = (@-a0)” = s

2. If|z| < R then

Ve > 04 (nj) — 00

anj
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an; 2

F(2) =) anz" fi(2) = ) napz"""
n=0 n=1

From Calculus 1, Ry, = Ry.

Using the taylor expansion:
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f(z)= Z anz" + Z anz"
n=0 n=N+1

fi =1lim N — oop/y(2)
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im ((n + 1)|ant1]) " = Tmla, /"



WLOG [£| < pR, z — £ it is obvious that I, I — 0. As for I11...

I — RN(Z)_gRN(f)': Zan.z”—fn _ Zan(zn_1+zn_2§+"'+§n_l) <o <

- n>N =& n>N

Which converges since p < R.



