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1 Cauchy-Riemman

Let G C C be an open set and let f : G — C be differentiable at z € G if
o) i LD = 1)

h—0 h

Claim 1. f = u+ iv is differentiable at z. Then there exists partial derivatives of v and v at z = x + yi

Uy = Uy
Uy = —Vg

Proof. We will take a h =k € R.
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= The Cauchy Riemann equation hols. O

Definition 1. f is analytic! in G if it is differentiable (C) in all of G.
Theorem 1. 1. If f € A(G), f =u+ iv then the C-R equations hold in G.

2. u,v € C1(G), then the C-R equations hold and f = u +iv € A(G).

Proof.
= :ﬁ

u(x+ky+l)=u(zy) +k-uy(z,y)+1-uy(x,y)+er
-5 —a
v(z+ky+1) :v(x,y)+7f-vz (z,y) +1- vy (x,y) +e2 e1,e9 = o0(h)

flz+h)=u(z+ky+l)+iu(z+ky+l)=f(z)+ka+18+i(—kB+la)+ec;+ ica
=fz)+k(a—if)+i(a—if)+ei+ea=f(2)+ (k+il) (a+if) +e1+e2
=f(z)+h(a—if)+e

As a result,
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!Sometimes refered to as holomorphic and can be marked as A (G) or H (G)



Theorem 2. G C C is a domain. The following are equivalent:
1. f = const.
2. f'=0.
3. S(f) = const ((or R(f) = const)
4. |f| = const
5. arg (f) = const.

Proof. (1) < (2) and (1) = (2), (4), (5) are obvious.

(3) = (1) v = const = uy, uy =0+ calc 2 = u = const.

(4) = (1) u® +v? = const In the first case, if const = 0 then f = 0. On the other hand, if const # 0 then

UU_Q 2
v u =u"4+v°#0

U Uy +0V -V, =0 N U Uy +0V- v, =0
U Uy + V- vy =0

UV +v-u;, =0

Which means that in all of G, u, = v, = 0= uy = vy, =0 = f = const.

(5)= (1) v=Fkuin G, k=const 0 =v —ku=R[— (k+1) (u+iv)] = -R[(k+1) f] :>f@const

Definition 2. 0 = § (9, —9,)' = } (0, + 19, ) 0z := § (0, +i9,)
Note 1. 9:f =0« (C-R)

0z = 0z (u+iv) = (ux+iuy)+%(v¢+ivy) :%(ux—vy)—f-%(uy—i—vx)

N

Definition 3 (Laplacian).
A=040

Definition 4. h : G — C is harmonic in G if h € C%(G) and Ah = 0.
Note 2. A\ =40,z
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Theorem 3. f € A(G) and f € C?(G) then f € Harm (G) (R(f),
Proof.

Theorem 4. f € Harm (G) then h(z) € A(G) (h: G — R).

Proof. . 4
(hz)— _ hzz _ ZAh harn;onlc 0



Definition 5. u € Harmpg (G) v is conjugate to u if v € Harmg (G) and u +iv € A (G) or v € C? (G)

Theorem 5. u € Harmg(D), D is a circle then there exists a conjugate v and v is unique up to a additive
constant.

Proof.
Uniqueness wv1,v9 are conjugate to u, and G is domain. f; = u + vy, fo = u + ivg
AG)a f=fi—fo=i(v —v2)
R(f) =0= f = const = vy = vy + const

Existence We are looking for a v € C? such that

v (l’,y) = ’U(Jj‘,y) - ’U(.%',yo) a ($7y0) - v (iUO,y(]) twv ($0,y0)

Yo xo C—R Yy x
/ vy (1) dt + / vs (5, 0) ds + v (0, 90) °= / o2, t)dt — / g (3, 0) ds + v (20, 90)
y T

Yo xo

Which defines a function v € C? (D) and v is conjugate to u.

Example 1. u =22 — > =R(2?), v =22y =S (z2).

Example 2. u = log|z| = 3 log (z? 4+ y?) is harmonic in C\ {0} v = arg (z) = arctan (%)

2 ArcinC
I C R is asection and v : I — C (R?), v € C (1)

Example 3. Line
() =1-tz+tw, 0<t<gq

Circle 2
v (t) = cos (27t) + isin (27t)

Definition 6. v € C! if for all ty € I

2If 4(0) = (1) then the arc is called a closed arc



