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1 Geometric principles

1.1 Meromorphic principles

Let G ⊂ C be a domain. We say that f ∈M (G) if

∀a ∈ G.∃u∗a ⊂ G : f ∈ Hol
(
u∗a
)

and a is a removable sinularity or a pole.
∞ ∈M (G)

The mermophic function form a field, meaning that:

f1, f2 ∈M (G)⇒ f1 + f2, f1 · f2,
f1

f2
∈M (G)

Theorem 1. 1

∀f ∈M (G) .∃f1, f2 ∈ H (G) .f =
f1

f2

Theorem 2 (Argument principle). Let G1 ⊂⊂ G ⊂ C(Ḡ1 ⊂ G) be a good domain, Γ = ∂G1 and
f |Γ 6= 0,∞. We will define

Nf (G1) = #
{
a ∈ G1 : f(a) = 0

}
Pf (G1) = #

{
a ∈ G1 : f(a) =∞

}
1

2πi

∫
Γ

f ′

f
dz = Nf (G1)− pf (G1)

Proof. According to the residue theorem:

1

2πi
·
∫

Γ

f ′

f
dz =

∑
a∈G1

resa

(
f ′

f

)
= Nf (G1)− Pf (G1)

!!!!!!

A naive understanding of the first value is:
If we define Γ : z = γ (t) , t ∈ I = [a, b]. γ (a) = γ (b).∫

Γ

f ′

f
(z) dz =

∫
I

f ′

f

(
γ (t)

)
γ̇ (t) dt = log

(
f
(
γ (b)

))
− log

(
f
(
γ (a)

))
= 4Γ log f = i4Γ arg f

Lemma 1 (Continuous log). I = [a, b] , h : I → C\ {0} , h ∈ C (I). Then

1No proof is given here, we will show this in the course complex function theory 2
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1. THere exists a ϕ ∈ C (I) such that h = ey ∈ I.

2. If ϕ1, ϕ2 ∈ C (I) , eϕ! = eϕ2 ⇒ ϕ1 − ϕ2 ≡ 2πik, k ∈ Z

Proof. 1. Special case: If h (I) ⊂ Π where Π is a half plane, and in half plane we can always choose
a branch of the logarithm.
General case: ∀t ∈ I, h(t) 6= 0 ⇒ ∃ut ⊂ I ⊂ Πt. Using the Heine-Borel theorem from calculus 1
we get that

I ⊂
⋃

finite

uj , uj+1 ∩ uj 6= ∅

∀j.∃ϕj ∈ C
(
uj
)
, h = eϕj , tj ∈ uj ∩ uj+1

Choosing a ϕj such that ϕj+1

(
tj
)

= ϕj

(
tj
)
, by (2) we have that ϕj+1 = ϕj in uj+1∩uj , t ∈ uj , ϕ ∈

C (I) In uj ∩ uj+1 we have{
eϕj = h

eϕj+1 = h
⇒ ˜ϕj+1 = ϕj+1 + 2πik, ˜ϕj+1 = ϕj , uj ∩ uj+1

2.
eϕ1 = eϕ2 ⇒ eϕ1−ϕ2 = 1⇒ ∀t ∈ I : (ϕ1 − ϕ2) (t) ∈ 2πiZ

Since these are discrete points we arrive at ϕ1 − ϕ2 ≡ 2πik, k ∈ Z

Theorem 3 (Rouche). f, g ∈ H (G), G1 ⊂⊂ G is a good domain. Γ = ∂G1. If |g|Γ
<
|f | then Nf+g (G1) =

Nf (G1)

Proof.

Nf+g (G1) =
1

2π
4Γ arg (f + g) =

1

2π
4Γ arg f ·

(
1 +

g

f

)
=

Nf (G1)︷ ︸︸ ︷
1

2π
4Γ arg f +

=0︷ ︸︸ ︷
1

2π
4Γ arg

(
1 +

g

f

)

Corollary 1 (Gauss Thm.). Let p(z) = anz
n +Q (z) where degQ ≤ n− 1, an 6= 0, if we take R >> 1:

|z| = R⇒|anzn| >
∣∣Q (z)

∣∣⇒ NP

({
|z| < R

})
Nanzn

({
|z < R|

})
= n
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