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1 Calculating integrals using sums

Let R be a rational function, λ ∈ R. If:

• There are no poles in R.

• λ 6= 0, R(x) ≤ C
1+|x| , x ∈ R.

• λ = 0, R(x) ≤ C
1+|x|2 , x ∈ R.

Then: ∫ ∞
−∞

R(x)eiλxdx =

2πi
∑
=a>0 resa

(
R(z)eiλz

)
λ ≥ 0

2πi
∑
=a<0 resa

(
R(z)eiλz

)
λ < 0∫

Γρ

R(z)eiλzdz = 2πi
∑
=a>0

resa

(
R(z)eiλz

)
For big enough ρ, where cρ =

{
z : |z| = ρ,=z > 0

}
and Γρ = [−ρ, ρ] + Cρ

Lemma 1 (Jordan). ∫
Cρ

R(z)eiλzdz
ρ→∞−−−→ 0

Proof. ∣∣∣∣∣
∫
Cρ

∣∣∣∣∣ =

∣∣∣∣∣
∫ π

0
R
(
ρeiθ

)
eiλρe

iθ=dz
i ρeiθdθ

∣∣∣∣∣ ≤
∫ π

0

∣∣∣∣R(ρeiθ)∣∣∣∣ e−λρ sin θρdθ ≤ C
∫ π

0
e−λρ sin θdθ

= 2c

∫ π/2

0
e−λρ sin θdθ ≤ 2c

∫ π/2

0
e

2λ
π
ρθdθ < 2c

= π
2λρ

ρ→∞−−−→0︷ ︸︸ ︷∫ ∞
0

e
2λ
π
ρθdθ → 0

Example 1. Let α, β > 0, there are poles at z ± iβ.∫ ∞
0

cosαx

x2 + β2
dx =

1

4

∫ ∞
−∞

eiαx + e−iαx

x2 + β2
dx =

1

4

[
2πiresiβ

eiαz

(z + iβ) (z − iβ)
− 2πires−iβ

e−iαz

(z + iβ) (z − iβ)

]

=
1

4
· 2πi

[
eiα·iβ

iβ + iβ
− e−iα(−iβ)

−iβ − iβ

]
=
πi

2

1

2iβ

[
eαβ + e−αβ

]
=

π

2β
e−αβ

In particular, if β = 1 then
2

π

∫ ∞
0

cosαx

x2 + 1
dx = e−|α|
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Example 2.

I =

∫ ∞
0

xn

1 + x2n
dx

What is the integral over ΓR = {0, R} ∪
{
Reiθ : θ < π/4

}
∪
{
xeiπ/4 : 0 ≤ x ≤ R

}
?∫

ΓR

zn

1 + z2n
dz = 2πireseiπ/2n

(
zn

1 + z2n

)
= 2πi

eiπ/2

2ne(2n−1)iπ/2n
= −πi i

neiπ/2n
=
π

n
e
iπ/2n

As R→∞, II = 0, since |II| ≤ C·R
Rn → 0 and of course,

I →
∫ ∞

0

xn

1 + x2n
dx := J

III = −
∫ R

0

xeiπ/n

1 +
(
xeiπ/n

)2n=dz
e

iπ/n

dx = e
iπ/n

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

Example 3.

I (α) =

∫ ∞
0

xα

1 + x
dx,−1 < < (α) < 0

Define Γε,R as the “key-hole contour”.∫
Γε,R

zα

1 + z
dz = 2πiresz=−1

zα

1 + z
= 2πizα

∣∣∣
z=−1=eiπ

= 2πieiπα

Let Γε,R = −I + II + III + IV , where

• I is the circle with a radius of ε.

• II is the Line from ε to R just above the real line.

• II is the Line from ε to R just below the real line.

• IV is the circle with a radius of R.

II =

∫ R

ε

xα

1 + x
dx

R→∞−−−−→
ε→0

J (α)

III = −
∫ R

ε

xαe2πiα

1 + x
dx→ e2iπαJ(α)

|I| ≤ 2πεe2π|=α| · ε
<(α)

C
≤ C1e

1+Re(α) ε→0−−−→ 0

|IV | ≤ 2πRe2π|=α|R
<(α)

R− 1
CR<(α) → 0(

1− e2πiα
)
J (α) = 2πieiπα

J (α) =
eiπα

1− e2iπα
2πi = − 1

eπiα−e−πiα
i

=
π

sin (πα)

Another way of calculating the integral is as follows, letting x = eξ and ζ = iν:

I (α) =

∫ ∞
0

xα

1 + x
dx =

∫ ∞
−∞

e(α+1)ξ

1 + eξ
dξ =

∫ ∞
−∞

eβξ

1 + eξ
dξ
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Setting ΓA as the rectangle with vertices at (−A, 0), (A, 0), (A, 2πi) and (−A, 2πi). Then:∫
ΓA

eβζ

1 + eζ
dζ = 2πiresζ=πi

eβζ

1 + eζ
= 2πi

eβζ

eζ

∣∣∣
ζ=πi

= 2πi
eβπi

−1
− 2πieβπi

∫
ΓA

∫ A

−A

eβζ

1 + eζ
dζ −

∫ A

−A

eβζ

1 + eζ
dζ · e2πiβ + I + II

Since (H.W) |I| ,|II| A→∞−−−−→ 0 we have J (α)
(

1− e2πiβ
)

= −2πieπiβ.∫ ∞
−∞

eβζ

1 + eζ
dζ = −2πi

eπiβ

1− e2πiβ
= π

1
eπiβ−e−πiβ

2i

=
π

sinπβ

Corollary 1. ∫ ∞
∞

!!!!!!!!!

1.1 Sums

1.
π2

sin2 πz
=
∑
n∈Z

1

(z − n)2

2.

cotπz =
1

z
+

∑
n∈Z\{0}

(
1

z − n
+

1

n

)
3.

π

sinπz
= lim

m→∞

∑
|n|≤m

(−1)n

z − n

4.

sinπz = πz
∏

n∈Z\{0}

(
1− z

n

)
e
z/n = πz

∏
n≥1

(
1− z2

n2

)

Proof. 1. (
π

sinπz

)2

=
1

(z − n)2 + f(z)

Where f is an analytic function in a neighborhood of z = n.
(

π
sinπz

)2
is 1 periodic, therefore it is

sufficient to check that this occurs around n = 0.
Using the taylor expansion of sinπz we have sinπz = πz +O

(
z3
)

when z → 0.

1

sinπz
=

1

πz +O
(
z3
) =

1

πz
+O (z) , z → 0

Meaning that the claim is correct at n = 0.

g(z) :=

(
π

sinπz

)2

−
∑
n∈Z

1

(z − n)2

g is entire and g(z + 1) = g(z), thus g is bounded in C and as a result of the Liouville theorem g is
constant.

|sinπz|2 =
∣∣sinπ (x+ iy)

∣∣2 = sin2 πx+ sinh2 πy
y→∞−−−→∞
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Thus, as |y| → ∞ we have (
π

sinπz

)2

→ 0∣∣∣∣∣∣
∑
n∈Z

1

(z − n)2

∣∣∣∣∣∣ ≤
∑
n∈Z

1

|z − n|2
|y|→∞−−−−→ 0

2.

(π cotπz)′ = − π2

sin2 πz1

z
+
∑
n6=0

(
1

z − n
+

1

n

)′ = −∑
n∈Z

1

(z − n)2

Thus,

π cotπz =
1

z
+
∑
n6=0

(
1

z − n
+

1

n

)
+ const

Since these two functions are odd, const = 0.

3. Leaving this as homework.

4.
(sinπz)′

sin z
= π cotπz

Π(z) := πz
∏

n∈Z\{0}

(
1− z

n

)
e
z/n

Then
Π′

Π
(z) =

1

z
+
∑
n6=0

(
1

z − n
+

1

n

)
Thus, using (2) we have

(sinπz)′

sinπz
=

Π′

Π
(z)⇒ sinπz

Π(z)
= const

sinπz = Cz
∏
n6=0

(
1− z

n

)
e
z/n

sinπz

Π(z)

∣∣∣
z→0
→ π ⇒ C = π
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