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1 Residues

Let f ∈ Hol (u∗a) and let g : ub
onto−−→
1−1

ua such that g(b) = a, then f ◦ g ∈ Hol
(
u∗b
)

and resaf =

resb (f ◦ g) g′.

Proof.

resb (f ◦ g) g′ =
1

2πi

∫
|z−b|=ε

f
(
g (z)

)
g′ (z) dz =

1

2πi

∫
C
f(w)dw = resaf

1.1 Residue at ∞

Let f ∈ Hol
({
z : |z| > R

})
, then

res∞f = − 1

2πi

∫
|z|=R

f(z)dz, R > ρ

Corollary 1. Let f ∈ Hol
(
C\ {a1, . . . , an}

)
then

N∑
j=1

resajf + res∞f = 0 max
j

∣∣aj∣∣ < R

−res∞f =
1

2πi

∫
|z|=R

f(z)dz =

N∑
j=1

resajf

Example 1. Given the points a1, . . . , aN , b1, . . . , b1, . . . , bN and R > maxj
(∣∣aj∣∣ ,∣∣bj∣∣)

1

2πi

∫
|z|=R

=f︷ ︸︸ ︷
(z − a1) · · · (z − aN )

(z − b1) · · · (z − bN )
=

[
ζ = 1

z

dz = −dζ
ζ2

]
=

1

2πi

∫
|ζ|=1/R

=g(ζ)︷ ︸︸ ︷
(1− a1ζ) · · · (1− aNζ)

(1− b1ζ) · · · (1− bNζ)
=

N∑
j=1

(
bj − aj

)
Where g ∈ Hol

(
|ζ| ≤ 1

R

)
g (ζ) = 1+?ζ + . . .

g(ζ)

ζ2
=

1

ζ2
+

?

ζ
+ . . .

? = −
N∑
j=1

aj +
N∑
j=1

bj

1



Example 2. The residue at infinity of the function
√
z2 − 1 ∈ Hol

(
C\ [−1, 1]

)
1

2πi

∫
|z|=2

√
z2 − 1dz = −res∞

√
z2 − 1 = −1

2

This is because √
z2 − 1 = z

√
1− 1

z
= z

(
1− 1

2z
+ . . .

)
= z − 1

2z
+ . . .

1.2 Integrals

Example 3. Let R be a rational function.∫ π

−π
R (cos θ, sin θ) dθ =

1

i

∫
|z|=1

R

(
z + z−1

2
,
z − z−1

2i

)
dz

z

Example 4. Let a ∈ R and |a| > 1∫ 2π

0

dθ

a+ cos θ
=

1

i

∫
|z|=1

dz

z
(
a+ z+z−1

2

) =
2

i

∫
|z|=1

dz

1 + 2az + z2
?
=

z1,2 = −a±
√
a2 − 1, z1 · z2 = 1, |

=z1︷ ︸︸ ︷
−a+

√
a2 − 1 | < 1

∣∣∣−a−√a2 − 1
∣∣∣ =

1∣∣∣−1 +
√
a2 − 1

∣∣∣ > 1

?
= 4π

1

2πi

∫
|z|=1

dz

(z − z1) (z − z2)
= 4πresz=z1

1

(z − z1) (z − z2)
= 4π

1

z1 − z2
=

4π

2
√
a2 − 1

=
2π√
a2 − 1

Example 5 (Fourier).

∫ ∞
−∞

R (x) eixλdx =

2πi
∫
a:=a>0 resa

[
R(z)eiλz

]
λ ≥ 0

−2πi
∫
a:=a<0 resa

[
R(z)eiλz

]
λ ≤ 0

R is rational such that there are no poles in R and =λ = 0. If λ 6= 0 then R (z) = O
(
1
z

)
, z →∞ and if

λ = 0 then R (z) = O
(

1
z2

)
, z →∞. Let Cρ =

{
|z| = ρ,=z ≥ 0

}
∫ ρ

ρ
R(x)e1λxdx+

∫
Cρ

R (z) eiλzdz =
∑
a:|a|<ρ
=a>0

resa

[
R(z)eiλz

]

Where the last inequality comes from Cauchy’s theorem.

lim
ρ→∞

∫ ρ

−ρ
R (x) eiλx = − lim iρ→∞

∫
Cρ

R(z)eiλzdz + 2πi ·
∑

a:=a>0

resa

(
R(z)eiλz

)
‘

2


