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1 Residues

Let f € Hol(u}) and let g : up % uq such that g(b) = a, then fog € Hol (u;‘;) and res,f =
resy(fog)g'.

Proof.
1 /
Jdw = res,
resy(fog)g =5 AR (2)) 9’ (2)dz 2m/ f(w)dw = resq f
[
1.1 Residue at oo
Let f € Hol ({z 2] > R}), then
réSoof = L f(z)dz R >
% 2t Jopn : p
Corollary 1. Let f € Hol (C\ {a1,...,an}) then
N
Zresajf +reseof =0 max’aj‘ <R
=1 !
1 N
—resef = 3 /Z|:Rf(z)dz = j;resajf
Example 1. Given the points a1,...,an,b1,...,b1,...,by and R > max; (} 18 )
=f =9(¢)
RS (z—a)---(z—an) _ C:%d :1/ (1—-ai)---(1 —an() ib—a
21 |2|=R (Z—bl)-'-(z—b]v) dz = _Cé 21 I¢|=1/r (1—b1C) 1—bNC = ]

Where g € Hol (|¢y < %)



Example 2. The residue at infinity of the function v/22 — 1 € Hol (C\ [-1,1])

1 \/22—1dz:—resoo\/z2—1:—%

21 |z|:2

/ 1 1 1
V22 —-1= 1—-= 1——+... | =2——+...
z z ; z( 224— > z 224—

This is because

1.2 Integrals

Example 3. Let R be a rational function.

™ 1 U |
/ R(cos@,sin@)d@z,/ R Pt ,Z - dz
o U Jz=1 2 29 z

Example 4. Let a € R and |a| > 1

/27r df _1/ dz _2/ dz «
o a+cos® i fyo, (a N z+§—1) i Jjzj=1 1+ 2az + 22

=21
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zig=—atVa?—-1,z1-20=1,|—a+Va?—-1| <1 )—a— aQ—I‘:—>1
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= dm— : = 47res,—,, —dr i T

21 Joj=1 (2 — 21) (2 — 22) (z—21) (2 — 29) 21 — 29 - 2Wa2 —1 - Va2 —1

Example 5 (Fourier).

R (z) ez =

/oo 2700 [.q4s0 T€5a {R(z)e“‘z} A>0
—o0 =270 [ 50<0 T€5a |:R(Z)e7;>\zi| A<0

R is rational such that there are no poles in R and S\ = 0. If A # 0 then R (z) = O (%) ,z — 0o and if
A =0 then R(z) = (9(2%) ,z = 00. Let C, = {|z| = p, 32z > 0}

/pp R(x)edx +/C R(z)e™dz = Z res, [R(z)ei/\z}

P ajal<p

Fa>0
Where the last inequality comes from Cauchy’s theorem.
P . ) ,
lim R(z) ™ = —1lim ip_>oo/ R(2)e™dz + 2mi - Z res, (R(z)e’)‘z) ‘
e —p p a:Sa>0



