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Definition 1. A Conformal map f is f : C — C one to one and holomorphic (in particular f’ # 0)

A common marking is C = C := CU {oc}

Definition 2. The transformation f(z) = Zzzig is called a mobius transformation and has the follwing
properties:

1. f is mdbius = f is bi-holomorphic (holomorphic, invertible and f~! is holomorphic). f : C—C
(and every such tranformation is mébius).

2. Let {z1, 2,23} € C and {21, 2, 23} C C then there xists a single mobius tranformation such that
f (ZZ) Wy given by w = f(Z), (wlu w2, W3, UJ) = (Zl7 22, 23, 24) where

(a,b,c,d) = <Z:;) / <Z:fl>

Definition 3 (Generalized circle). A generalized circle is acircle or a line. 3 points define a single
generalized circle.

Claim 1. z,z* are symmetric in relation to a generalized circle C iff there exist 21, 20, 23 € C such that
(21,22, 23, 2%) = (21, 22, 23, 2) < for any 3 points in C.

Claim 2. Let f € Mdb (@) , 2,2 are symmetric with relation to C, then f(z), f(z*) are symmetric with
relation to f(C).

Problem 1. Let R > 0. Find a f € Méb(Cy),f : C4 — {w||lw] < R} where C is defined as
{z € C|S (2) > 0} such that f(a)=0.

Solution 1. f(z) = ‘C‘Z_rg and by symmetry, f(a) =0, f(&) = oo since the symmetric point of 0 according

to B (0, R) is co. We have aa +b = 0 and ca + d = 0 then we can write f(z) = A\2=%.
flo)=A-=%¢ =) o’ |£(0)] = R]f(0)] =|A| then|A| = R and we have found
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Problem 2. Find f(T) given f(z) = % for the following 7'
1. T={z€Cl|lz—i| =1}
2. T = {zeCHz—i| :ﬂ}

Solution 2. We will look at three points in each circle and see where they point to, since three points
define a circle.



1. f(0) =00 f(2) = % and f(1+41) = 1%” = % the only line which goes through all three of these
points is f(T) = {w[iﬁ(u}) = %}

2. f(1+V2) = ﬁ, f(—=i) = i and f(i) = —i meaning that the tranformation inverts the circle
around the real axis.



